Reducing thickness of three dimensional samples on appropriate substrates is a promising way to control electron-electron interactions, responsible for so called electronic reconstruction phenomena. Although the electronic reconstruction has been investigated both extensively and intensively in oxide heterostructure interfaces, this paradigm is not well established in the van der Waals heterointerface system, regarded to be important for device applications. In the present study we examine nature of a charge ordering transition in monolayer vanadium diselenide (V Se2), which would be distinguished from that of V Se2 bulk samples, driven by more enhanced electron-electron correlations. We recall that V Se2 bulk samples show a charge density wave (CDW) transition around Tc ∼ 105 K, expected to result from Fermi surface nesting properties, where the low temperature CDW state coexists with itinerant electrons of residual Fermi surfaces. Recently, angle resolved photoemission spectroscopy measurements uncovered that the Fermi surface nesting becomes perfect, where the dynamics of hot electrons is dispersionless along the orthogonal direction of the nesting wave-vector. In addition, scanning tunneling microscopy measurements confirmed that the resulting CDW state shows essentially the same modulation pattern as the three dimensional system of V Se2. Here, we perform the renormalization group analysis based on an effective field theory in terms of critical CDW fluctuations and hot electrons of imperfect Fermi-surface nesting. As a result, we reveal that the imperfect nesting universally flows into perfect nesting in two dimensions, where the Fermi velocity along the orthogonal direction of the nesting vector vanishes generically. We argue that this electronic reconstruction is responsible for the observation that the CDW transition temperature is much more enhanced to be around Tc > 300 K than that of the bulk sample.
I. INTRODUCTION
Strongly correlated electrons had been expected to realize in transition metal dichalcogenides (TMDCs), involved with the quasi two dimensional lattice structure [1] . Actually, several compounds of the TMDC family have shown physics of strong correlations, for example, local-moment signatures in Ir-dichalcogenides [2] and Mott insulating physics in transition metal sulfides [3] , regarded to be emergent phenomena at low temperatures. However, it turns out to be rather challenging to realize strong correlations of electrons in the TMDC family. Nature of phase transitions seems to be determined by the band structure essentially, i.e., within the weak-coupling approach. The quasi two dimensional nature of the lattice structure does not cause sufficient anisotropy in the electronic structure except for several cases mentioned above.
Recent measurements based on angle resolved photoemission spectroscopy (ARPES) and scanning tunneling microscopy (STM) [4] have claimed that reducing thickness of three dimensional or quasi two dimensional TMDCs on appropriate substrates can give rise to drastic enhancement of correlation effects, responsible for novel nature of phase transitions. Such experiments found two types of charge ordering transitions driven by enhanced electron-electron and electron-phonon interactions in monolayer vanadium diselenide (V Se 2 ) on graphene substrates. It is well established that V Se 2 bulk samples show a charge density wave (CDW) transition around T c ∼ 105 K, originating from Fermi surface nesting properties of "hot" electrons [5] [6] [7] . On the other hand, the low temperature CDW state coexists with "cold" electrons of residual Fermi surfaces in this bulk system, keeping their metallicity. ARPES measurements uncovered that the Fermi surface nesting is perfect, that is, the dynamics of such hot electrons is dispersionless along the orthogonal direction of the nesting wavevector. This perfect Fermi-surface nesting property has been speculated to cause noticeable enhancement of the CDW transition temperature, even above the room temperature, implying the dynamics of strongly correlated electrons beyond the dynamics of three dimensional hot electrons. More interestingly, the ARPES experiment revealed that residual Fermi surfaces around cold zones disappear at T c ∼ 135 K, where an insulating phase is realized, never observed in the bulk system. STM measurements showed that this metal-insulator transition is driven by lattice distortions along a particular one dimensional direction.
Nature of phase transitions in two dimensions turns out to differ from that in three dimensions, where the effective theory referred to as Hertz-Moriya-Millis theory [8] [9] [10] [11] , regarded to be a mean-field theory, does not function. Even if electrons are weakly correlated at high temperatures, they become strongly correlated in the vicinity of two dimensional phase transitions involved with Fermi-surface instabilities [12] . This implies that the band structure itself can be renormalized rather drasti-cally beyond the mean-field theoretical framework in the monolayered system.
In the present study we investigate how two dimensionality in dynamics of hot electrons affects the nature of the CDW transition in monolayer V Se 2 . We construct an effective field theory in terms of hot electrons and critical CDW fluctuations. Recalling that the STM experiment confirmed that the CDW state shows essentially the same modulation pattern as the three dimensional system of V Se 2 , we assume imperfect Fermi surface nesting for hot electrons, where the nesting vector is given by the "three dimensional" (quasi two dimensional) CDW ordering structure. Based on this effective field theory, we perform the renormalization group analysis in the scheme of a recently developed dimensional regularization for a Fermi-surface problem [13] . Our renormalization group analysis confirms that imperfect nesting universally flows into perfect nesting in two dimensions, where the Fermi velocity along the orthogonal direction of the nesting vector vanishes generically. We argue that this electronic reconstruction is responsible for the observation that the CDW transition temperature is much more enhanced to be around T c > 300 K than that of the bulk sample. In order to show the universal appearance of perfect Fermi-surface nesting in two dimensional CDW materials, we construct an effective field theory based on the ARPES experiment [4] as follows
Here, ψ (m) n (k) represents an electron field living in a hot Fermi surface denoted by n (n) = 1, 2, 3 (1, 2, 3) and m = ±, as shown in the Fermi-surface structure above the room temperature. These Fermi surfaces are described by the dispersion relation
where
θn k with θ n = π 3 (n − 1), which mimics the C 6 rotational symmetry of the Fermi-surface structure. It is clear that the Fermi-surface nesting becomes perfect when the velocity v vanishes. Φ Qn (q) is a bosonic order parame-ter field to describe CDW fluctuations, where Q n with n = 1, 2, 3 represents a nesting wave vector of each Fermi surface. These CDW fluctuations are assumed to follow the relativistic dispersion with their velocity c, regarded to be an effective field theory of the Ising model. Electrons connected by Fermi surface nesting are strongly correlated and describved by S int−bf with an effective interaction parameter g. In addition, such CDW order parameters interact with themselves, constructed by our symmetry consideration. S int−b1 (S int−b2 ) describes the self-interactions between CDW order parameters with the same momentum (different momenta) while S int−b3 gives cubic self-interactions. Here, we do not take into account the S int−b3 interaction for simplicity.
A conventional way solving this complex Fermi-surface problem is to take into account both self-energy corrections of electrons and order parameters self-consistently without considering vertex corrections, referred to as either Eliashberg theory or self-consistent random phase approximation [8] [9] [10] [11] . This Fermi-surface problem has been regarded to be controlled in the so called large N limit, where the spin degeneracy of electronic degrees of freedom is extended from 2 to N [14] . In other words, the Eliashberg theory is supposed to be exact in the N → ∞ limit, where finite N quantum corrections can be introduced in a controllable way, based on the solution of the Eliashberg theory. However, it turns out that this Fermi surface problem remains strongly correlated even in the N → ∞ limit [12] , which means that vertex corrections should be introduced self-consistently. Unfortunately, we do not know how to re-sum such quantum corrections consistently. Recently, the technique of "graphenization" has been proposed as a way of controllable evaluation for Feynman diagrams, which generalizes the dimensional regularization technique for interacting boson problems into the Fermi surface problem, where the density of states is reduced to allow us to control effective interactions of electrons [13, 15] .
In order to prepare for the dimensional regularization scheme in the present problem, we introduce the twocomponent spinor
n (k) (6) and rewrite the above effective action in the following way
where τ 3 is the Pauli matrix and Φ Qn (q) ≡ Φ n (q) in the short-hand notation.
Following S.-S. Lee's co-dimensional regularization method [13] , we write down the above two dimensional effective field theory in general d dimensions
Here, we increase the spatial dimension from 2 to d. This procedure is encoded into the extension of mo-
Although the number of components in the Dirac spinor should be enhanced to follow this dimensional generalization, we keep the nature of the two-component spinor.
As shown below, it turns out that the upper critical dimension is d = 3, which enforces us to perform the renormalization group analysis slightly below this upper critical dimension. As a result, the two-component spinor is allowed. We also increase the number of fermion flavors from 1 to N f .
III. PREPARATION FOR RENORMALIZATION GROUP ANALYSIS A. Counterterms and renormalized effective field theory
We start from an effective bare action given by
Introducing quantum corrections into this effective field theory, various ultraviolet (UV) divergences appear.
Such UV divergences are canceled by so called counterterms
where UV divergences are absorbed into A n coefficients with n = 0, ..., 9.
Extracting all counterterms from the bare action, i.e., S r = S b − S ct , we have an effective renormalized action, given by
where UV divergences disappear and well defined. Here, we introduce an energy scale µ to make e r , u 1r , and u 2r be dimensionless quantities, redefined byẽ r ,ũ 1r , andũ 2r . The upper critical dimension for all interaction parameters ofẽ r ,ũ 1r , andũ 2r turns out to be d c = 3, where the expansion parameter is given by = 3 − d in the dimensional regularization scheme. It is straightforward to find equations between bare and renormalized quantities. First, we consider the scaling transformation, given by
Here, Z τ and Z ⊥ are rescaling parameters for frequency and "transverse" momentum in fictitious extra dimensions. Second, we introduce field renormalization constants of Z Ψ and Z Φ , which relate bare fields with renormalized ones in the following way
Then, resorting to S b = S r + S ct , we define all renormalized constants Z n with n = 0, ..., 9
where such renormalization constants are given by counterterm coefficients as
B. Renormalization group equations
Correlation functions in terms of bare & renormalized fermion and boson fields are defined by
respectively.
In order to make the scaling dimension be apparent, we take into account classical scaling (engineering dimension) explicitly as follows
where µ is an energy scale, introduced before. Then, we obtain the renormalization group equation for correlation functions
Resorting to
we reformulate the integral form of the renormalization group equation for the correlation function into the differential equation in the following way
referred to as the Callan-Symanzik equation for the correlation function [16] . Here, we used
Anomalous scaling dimensions for fermion and boson fields are given by
respectively. Beta functions are
We obtain beta functions based on
and
Here, we used the short-hand notation of (ln
Since (48) − (49) and (51) − (52) give two redundant equations, there are actually 9 equations with 9 variables; z τ , z ⊥ , η Ψ , η Φ , β v , β c , β e , β u1 , and β u2 .
Solving these coupled equations, we find renormalization group equations for z τ , z ⊥ , η Ψ , η Φ , β v , β c , β e , β u1 , and β u2 as follows
e,0 +ũ 1r F
e,9 − 2F
Here, we used the short-hand notation, given by
IV. RENORMALIZATION GROUP ANALYSIS A. Feynman Rules
In order to perform the perturbative renormalization group analysis systematically, we introduce Feynman rules based on the renormalized effective action and counterterms. Here, we express the fermion-involved sector in a more compact way as follows
for the renormalized action of fermions and fermionboson effective interactions and
for their counterterms, where we introduced Ψ r,n,j ≡ Ψ (−) r,n,j
Based on this effective field theory, we construct our Feynman rules
for fermion and boson propagators and their interaction vertices and
for counterterms, respectively. Resorting to these Feynman rules, one can take into account quantum fluctuations perturbatively, where the co-dimensional regularization scheme is utilized.
B. Classical scaling
Although the scaling analysis in the tree level has been performed in the previous section, we recall it in a simplified version, i.e., in the level of an effective action. It is straightforward to perform the scaling analysis in the effective action, resulting in
where the scaling parameter b is related with µ as b = µ −1 . As shown clearly in these equations, we observe that the upper critical dimension of all interaction parameters is d c = 3, which allows us to perform the perturbative analysis in d = 3 − near the upper critical dimension, where is an expansion parameter. The fermion self-energy correction is given by
in the one-loop level. From now on, we omit the subscript r in both fermion and boson velocities of v r and c r , respectively, for simplicity. As a result, we obtain
Here, we used the short-hand notation for The boson self-energy correction is given by
We recall that both self-interaction vertices of u 1 and u 2 do not cause any self-energy corrections in the one-loop level [16] . They result from two loops. Then, we obtain The boson-fermion vertex correction is given by
in the one-loop level, where
As a result, we find
4. One-loop u1 and u2 vertex corrections
One-loop u 1 and u 2 vertex corrections are essentially the same as those of the Φ 4 theory [16] . The u 1 vertex renormalization is given by in the one-loop level, where the external momenta are assigned to be P = p 1 +p 2 , Q = p 1 +p 3 , and K = p 2 +p 3 . The superscript (i, j) meansũ i 1rũ j 1r in the perturbative analysis. As a result, we obtain
Similarly, the u 2 vertex renormalization is given by
16π 2 c 2 1 (86) in the one-loop level, where the external momentum is assigned to be Q = p 1 − p 3 . As a result, we find
Beta functions in the one-loop level
Inserting the A n coefficient of the counterterm into the renormalization factor of Z n = 1 + A n , we obtain
9 =ũ
The dynamical critical exponent z and our resulting β−functions for all coupling parameters are found to be
Here, we replaceẽ r andũ i with e and u i for notational simplicity. In addition, we choose the convention that beta functions with positive values mean that the corresponding coupling constant decreases as approaching to the low energy limit. We point out z ⊥ = z τ ≡ z as expected.
Beta function in the absence of the fermion-boson coupling
Although it is not difficult to solve these coupled renormalization group equations, we start from the case in the absence of the fermion-boson interaction vertex, i.e., e = 0. Then, we find an interacting fixed point, given by (c
, 0) and identified with a typical Wilson-Fisher fixed point [16] . However, it turns out that this fixed point becomes unstable when the self-interaction vertex u 2 is turned on. u 1 flows into minus infinity while u 2 goes to plus infinity. Physical meaning of this behavior will be discussed below. Since β c , β v , and β e do not depend on u 1 and u 2 , we analyze the renormalization group flow of c, v, and e first. It is easy to figure out the renormalization group flow of the fermion velocity. β v > 0 results in the fact that v always decreases as we approach to lower energies. This confirms the emergence of perfect Fermi surface nesting in two dimensions. In other words, the fermion dynamics is localized in one direction, giving rise to effective one dimensional dynamics. In order to understand the renormalization group flow of the boson velocity c, we rewrite the beta function as β c =
v , where A and B are positive constants. According to our simple analysis, we find that c also decreases as the energy scale is lowered. Not only fermions but also bosons become heavy and localized at low temperatures. Solving these three coupled renormalization group equations, we find the renormalization group flow of c, v, and e as shown in Fig. 7 . We point out that the coupling constant between fermions and bosons is also converging to zero as the energy scale is lowered.
On the other hand, the self-interaction coefficient u 2 of the CDW order parameter field leads u 1 to flow a negative infinite value while the self-interaction parameter 20]. The origin of this behavior can be traced, comparing the present Fermi surface problem with that of the spin density wave (SDW) transition [21] . This comparison also gives a way of justification of the present perturbative renormalization group analysis even if all details of calculations are not presented. The SDW transition may be regarded to be the O(3) symmetry version while our problem belongs to the Ising symmetry class. Comparing renormalization group equations of the present problem with those of the SDW transition [21] , one finds that both share quite a similar structure, where most terms have their correspondences in renormalization group flow equations. However, there exists an essential different aspect between these two problems. The vertex correction for the effective interaction between electrons and order parameters gives rise to screening, reducing such interactions in the case of the Z 2 symmetry. On the other hand, it results in anti-screening for the case of the SDW transition. As a result, both self-interaction parameters vanish to allow the second order phase transition in the SDW transition while only the first order phase transition seems to appear in the CDW transition.
Even if the interaction parameter between electrons and order parameters flows to zero, this does not mean that the nature of the fixed point is Gaussian, i.e., noninteracting for itinerant electrons. In order to resolve this question, we introduce ratios of coupling parameters in the following way of w = 
Since c flows to zero in the low energy limit, we consider the case of c → 0. Resorting to the fact that lim c→0 h 1 (c, cw) = π 2 , lim c→0 h 2 (c, cw) = 0, and lim c→0 h 3 (c, cw) = 2π 1+w , we obtain
Since z, β w , and β λ do not depend on κ 1 and κ 2 , we analyze β w and β λ first. It is straightforward to find a fixed point given by (w * , λ Fig. 9 . Putting this value to z, β κ1 , and β κ2 , we obtain
The renormalization group flow diagram for β κ1 and β κ2 is shown in Fig. 10 . It still shows a run-away flow, which implies the fluctuation-induced first-order phase transition in this system. 
V. ENHANCEMENT OF FERMI SURFACE NESTING IN TWO DIMENSIONS
Our beta function analysis showed that the fermion velocity perpendicular to the nesting vector Q i decreases as we approach to lower energies. It means that there appears effective Fermi lines which can be more connected by the nesting vector Q i at low energies. However, we emphasize that this occurs away from three dimensions. More precisely, we find the fermion velocity as a function of an energy scale µ with the dimensional regularization parameter
This different form of v(µ) originates from whether λ flows to zero or non-zero, respectively. It means that the two dimensional system is more favorable for the nesting effect than three dimensional systems. However, this argument is not correct completely. Since we used the co-dimensional regularization, the Fermi surface remains to be one dimensional line even in the three dimensional case. It is different from the real Fermi surface of this system. The actual Fermi surface for the V Se 2 bulk system has been well known [5] [6] [7] . Although we cannot give quantitative analysis for this real case, we can deduce some rigorous statements based on the scaling analysis. Since three dimensional V Se 2 is basically given by stacking of two dimensional V Se 2 layers, it is weakly dispersive along the stacking direction. This can be confirmed in the actual Fermi surface which turns out to be almost "flat" along the stacking direction. Based on this discussion, we assume that the dispersion relation for hot electrons is given by (k 1 , k 2 , k 3 ) ∼ k 1 + vk 2 + n>1 k n 3 , where k 3 is the coordinate along the stacking direction. As a result, we deduce the scaling dimension of the coupling constant e:
[e] = 1 2 1 n − 1 . This scaling relation gives rise to [e] < 0 as long as n > 1, which implies that e is always irrelevant in the low energy regime. Since e is essential in the renormalization of v as shown in β v , we conclude that the perfect Fermi-surface nesting would not occur in three dimensional V Se 2 . This argument is consistent with why the Hertz-Moriya-Millis theory [8] [9] [10] [11] works well in three dimensions although it breaks down in two dimensions. We speculate that this perfect Fermi surface nesting is difficult to realize in three dimensional V Se 2 purely by the band structure effect.
VI. SUMMARY
Dimensionality and hetero-interface structure of quantum material are essential factors to control both electron-electron and electron-phonon interactions, responsible for electronic reconstruction phenomena, which serves as the basic principle for device applications. Compared with the electronic reconstruction paradigm in oxide hetero-structured quantum materials, such phenomena appear as rather a simple fashion in the van der Waals hetero-interface system, thus expected to be an ideal flat form testing the basic principle in the strongly correlated regime, for example, metallic quantum criticality in two dimensions. Actually, recent ARPES and STM measurements demonstrated that physics of strong correlations arises in monolayer V Se 2 [4] . In particular, the ARPES experiment has shown perfect Fermi-surface nesting, implying further dimensional reduction that one dimensional motion of electrons is realized instead of two dimensional dynamics.
In order to understand this strongly correlated dynamics of electrons, we constructed an effective field theory in terms of itinerant electrons and CDW critical fluctuations. Resorting to a novel dimensional regularization technique for this Fermi surface problem [13, 15, 21] , we performed the renormalization group analysis to reveal the mechanism for perfect Fermi surface nesting in the monolayer V Se 2 system. The renormalization group flow for the curvature parameter gives rise to the emergence of the perfect Fermi surface nesting universally only in two dimensions beyond the Hertz-Moriya-Millis description in three dimensions [8] [9] [10] [11] . We claimed that this further dimensional reduction from the two dimensional Fermi surface with imperfect Fermi surface nesting to the one dimensional Fermi surface with perfect Fermi surface nesting is responsible for the drastic enhancement of the CDW ordering transition temperature although the CDW ordering itself follows that of the bulk parent. We point out that this further dimensional reduction in the dynamics of electrons has been also reported in two dimensional SDW transitions [21] .
